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Abstract
Recent released Planck data and other astronomical observations show that the universe may be
anisotropic on large scales. This hints a cosmological privileged axis in our anisotropic expanding
universe. This paper proceeds a modified redshift in anisotropic cosmological model as 1+ z˜(t, pˆ) =
a(t0)
a(t) (1−A(nˆ.pˆ)) (where A is the magnitude of anisotropy ,nˆ is the direction of privileged axis, and pˆ
is the direction of each SNe Ia sample to galactic coordinates) along with anisotropic parameter δ =
A(nˆ.pˆ)
1+A(nˆ.pˆ) . The luminosity distance is expanded with model-independent cosmographic parameters
as a function of modified redshift z˜. As the transformation matrix M(n × n) is obtained to
convert the Taylor series coefficients of isotropic luminosity distance to corresponding anisotropic
parameters. These results culminate the magnitude of anisotropy about | A |≃ 10−3 and the
direction of preferred axis as (l, b) = (297−34+34, 3
−28
+28), which are consistent with other studies in
1− σ confidence level.
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1. INTRODUCTION
According to cosmological principle, as one of the basic assumptions of modern cos-
mology, universe is homogeneous and isotropic on scales larger than a few hundred Mpc.
Indeed, this assumption is consistent with former astronomical observations such as the
Cosmic Microwave Background (CMB) radiation data from the Wilkinson Microwave
Anisotropy Probe (WMAP) [1]-[3], and data from type Ia supernovae, such as those
collected in the so-called Union [4] , Union2 [5] compilations . However, some challenges
are reported to the cosmological principle in recent years. For example, the large-scale
alignments of the quasar polarization vectors [6]-[7],the large-scale bulk flow [8]-[10], the
alignments of low multipoles in CMB angular power spectrum[11]-[15], the spatial variation
of fine-structure constant [16]-[21], the CMB hemispherical asymmetry observed by WMAP
[22]-[23] and Planck satellite [24], Dark Energy Dipole[25]-[28], and other effects [29]-[30].
There are many models, in the theoretical aspect, which have been proposed to resolve
the asymmetric anomaly of these data. Several groups have applied the hemisphere
comparison method to study the anisotropy of ΛCDM , wCDM and the dark energy
model with CPL parametrization. So that, the supernova data and the corresponding
cosmic accelerations on several pairs of opposite hemispheres have been used to search for
maximally asymmetric pair and a statistically significant preferred axis [34]. Ref [33] have
applied the hemisphere comparison method to the standard ΛCDM model and found that
the hemisphere of maximum accelerating expansion is in the direction (l; b) = 309−3+23, 18
−10
+11)
with Union2 data. Also the Ref [36] tests the isotropy of the expansion of the Universe by
estimating the hemispherical anisotropy of supernova type Ia (SN Ia) Hubble diagrams at
low redshifts (z < 0.2) and found a maximal hemispheric asymmetry towards a direction
close to the equatorial poles with Hubble anisotropy of ∆H
H
= 0.026. The anisotropic
cosmological model is investigated by Ref.[48] in the Randers spacetime, to determine the
privilege direction of (l, b) = 306,−18).
A potpourri list of pertinent studies is provided in Table I. Ref. [35], have taken the
deceleration parameter q0 as the diagnostic to quantify the anisotropy level in the ωCDM
model. The authors of Ref.[28] constructed a direction-dependent dark energy model
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TABLE I: Incomplete list of pervious studies
1 models Equation Ref
1 scalar perturbation (dL = (1 + z)
c
H0
∫ z
0
(1−d cos θ)dz√
Ωm0(1+z)3+1−Ωm0−
4d cos θ(1+x)5
3H20d
2
L0
) [39],[37]
2 Anisotropic dL in the Finslerian space-time (dL = (1 + z)
c
H0
∫ z
0
(1−d cos θ)−1dz√
Ωm(
1−d cos θ
1+z
)−3+ΩΛ
) [48]
3 effect of peculiar velocities ondL
∆dL
dL
= nˆ.[~vpec − (~vpec − ~vobs).
(1+z)2
H(z)dL
] [42]- [46]
4 wind scenario to the bulk flow (dL = (1 + z)
∫ t
0
dt′
a(t′)(1 + d cos θ) = d¯L(1 + d cos θ)) [40]
5 dipole+monopole fit approach (∆µ
µ
= dcosθ +m) [38],[33],[37]
6 hemisphere comparison method ∆Ω0m¯Ω0m
= 2(
Ω0m,u−Ω0m,d
Ω0m,u+Ω0m,d
) [38],[28]
7 hemisphere comparison method ∆q0
q¯0
= 2(
q0,u−q0,d
q0,u+q0,d
) [35]
8 luminosity-distance dL(z, θ) =
1+z
H0
∫ 1
A(z)
dA
A2H¯
(1−e2)1/6
(1−e2cosθ)1/2
[26]
9 in ellipsoidal universe 1 + z = 1
A
(1−e2sinθ)1/2
(1−e2)1/3
10 α(dipole+monopole) fit approach ∆α
α
= A cos θ +B [33],[18]
11 measured (perturbed) luminosity-distance DL = (1 + 2nˆ. ~vs)D0L ,vs=peculiar velocities [41]
12 dipole fit approach
dL(z)−d
0
L(z)
d0L(z)
= g(z)(zˆ.nˆ) [35]
based on the isotropic background described by the ΛCDM,ωCDM and CPL models
and employed the Union2 dataset to constrain the anisotropy direction and strength of
modulation. They found the best-fitting value of the maximum deviation direction from
the isotropic background, which was not sensitive to the details of isotropic dark energy
models. Ref.[37] have studied dipolar anisotropic expansion with cosmographic parameters,
and found the preffered direction of (l = 309◦, b = −8.6◦). The athours of [38] choosed two
simple cosmological models, ΛCDM and ωCDM for the hemisphere comparison approach,
and ΛCDM for the dipole fit. In the first approach, they used the matter density and the
equation of state of dark energy as the diagnostic qualities in the ΛCDM and ωCDM ,
respectively. In the second method, they employed distance modulus as the diagnostic
quality in ΛCDM , and found the preferred direction of (l = 307◦, b = −14◦).
Here, we investigate the anisotropy expansion of the universe using the model-independent
cosmography method. The cosmography method brings forward a part of cosmology which
does not postulate any precedential cosmological model. Thus, it can be thought as a model-
3
independent way to fix the constraints on the universe’s dynamics at late times through the
use of a set of parameters; namely the cosmographic set (CS)[52]-[53]. The outline of the
paper is as follows. The cosmographic apparatus is reviewed in Section. II. The luminosity
distance redshift relation in the anisotropic Universe will be extracted in Section III. The
acquisition way of the matrix M(n×n) is introduced to convert the Taylor series coefficients
of isotropy luminosity distance to anisotropy factors of luminosity distance. The numerical
results are given in Section. IV and in order to discuss and compare with other works.
Arguments are given in section V.
2. THE COSMOGRAPHIC APPARATUS
One of the basic relations in modern cosmology and cosmography is the luminosity dis-
tance redshift dL(z) used in the definition of redshift in an isotropic Universe
1 + z =
a(t0)
a(t)
(1)
The following relation is also retained from the cosmographic approach [52]-[53];
dL(z) =
cz
H0
{
D0L +D
1
L z +D
2
L z
2 +D3L z
3 +D4L z
4 +O(z5)
}
(2)
In which;
D0L=1 (3)
D1L=−
1
2
(−1 + q0) (4)
D2L=−
1
6
(
1− q0 − 3q
2
0 + j0 +
kc2
H20a
2
0
)
(5)
D3L=
1
24
(
2− 2q0 − 15q
2
0 − 15q
3
0 + 5j0 + 10q0j0 + s0 +
2kc2(1 + 3q0)
H20a
2
0
)
(6)
D4L=
1
120
[
−6 + 6q0 + 81q
2
0 + 165q
3
0 + 105q
4
0 − 110q0j0 − 105q
2
0j0 − 15q0s0+ (7)
−27j0 + 10j
2
0 − 11s0 − l0 −
5kc2(1 + 8q0 + 9q
2
0 − 2j0)
a20H
2
0
]
Where the cosmographic parameters are defined as;
H(t) ≡ +
1
a
da
dt
, q(t) ≡ −
1
a
d2a
dt2
1
H2
, j(t) ≡ +
1
a
d3a
dt3
1
H3
, s(t) ≡ +
1
a
d4a
dt4
1
H4
, l(t) ≡ +
1
a
d5a
dt5
1
H5
,(8)
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3. THE LUMINOSITY DISTANCE REDSHIFT RELATION IN THE
ANISOTROPIC UNIVERSE
In the anisotropic cosmological model, the redshift of an object located in the pˆ direction
of each SNe Ia sample to galactic coordinates and at time t can be modified as
1 + z˜(t, pˆ) =
a(t0)
a(t)
(1− A(nˆ.pˆ)) (9)
where |A| << 1 represents the magnitude of anisotropy of the universe and nˆ is the direction
of the privileged axis
In the situation, by succession of z˜ rather than z in equation (2), the anisotropy luminosity
distance will be equal to,
dL(z˜) =
cz˜
H0
{
D0L +D
1
L z˜ +D
2
L z˜
2 +D3L z˜
3 +D4L z˜
4 +O(z˜5)
}
(10)
Here we suppose that H0 is constant. However angular anisotropy of H0 has been studied
in several works (see for example[54]). Using equations (9) and (1), and since A is a very
small magnitude,
1 + z =
1 + z˜
1−A(nˆ.pˆ)
= (1 + z˜)(1 + A(nˆ.pˆ)), (11)
where for A≪ 1 , we have used ( 1
1−x
≃ 1 + x). Therefore, the equation takes the modified
redshift z˜ in the following form,
z˜ ≃
1 + z
1 + A(nˆ.pˆ)
− 1 ≃
z − A(nˆ.pˆ)
1 + A(nˆ.pˆ)
≃
z
1 + A(nˆ.pˆ)
−
A(nˆ.pˆ)
1 + A(nˆ.pˆ)
≃ z −
A(nˆ.pˆ)
1 + A(nˆ.pˆ)
, (12)
where for very small value of A ,we have used( 1+A(nˆ.pˆ) ≃ 1) and consequently ( z
1+A(nˆ.pˆ)
≃
z). By considering δ = A(nˆ.pˆ)
1+A(nˆ.pˆ)
and substituting (z˜ = z − δ) into equation (10), we can
rewrite this equation as
dL(z˜) =
c(z − δ)
H0
{
D0L +D
1
L (z − δ) +D
2
L (z − δ)
2 +D3L (z − δ)
3 +D4L (z − δ)
4 + ......DnL(z − δ)
n
}
(13)
By expanding (z − δ)m using binomial theorem,
(x+ y)m =
m∑
k=0

m
k

 xm−kyk (14)
The luminosity distance dL will be obtained in terms of z with new constant coefficients D´
m
L
as
5
dL(z˜) =
cz
H0
{
D´0L + D´
1
L z + D´
2
L z
2 + D´3L z
3 + D´4L z
4 + ...D´nL z
n)
}
(15)
Where, the anisotropic coefficients can be obtain by expanding the luminosity distance
to the nth order of redshift z˜, from the corresponding isotropic factors through the trans-
formation matrix M as,


D´nL
D´n−1L
D´n−2L
.
.
D´0L


=M


DnL
Dn−1L
Dn−2L
.
.
D0L


So that, the matrix M would be,



 n+ 1
0

 0 0 0 0 0

 n + 1
1

 δ −

 n
0

 0 0 0 0

 n + 1
2

 δ2 −

 n
1

 δ

 n− 1
0

 0 0 0

 n + 1
3

 δ3 −

 n
2

 δ2

 n− 1
1

 δ −

 n− 2
0

 0 0
. . . . . 0
 n+ 1
n

 δn −

 n
n− 1

 δn−1

 n− 1
n− 2

 δn−2 −

 n− 2
n− 3

 δn−3 . (−1)j+1

 n+ 1− n
n− n

 δ0


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Neglecting higher order terms of δn with n > 1,
D´0L = (D
0
L − 2D
1
Lδ) (16)
D´1L = (D
1
L − 3D
2
Lδ (17)
D´2L = (D
2
L − 4D
3
Lδ) (18)
D´3L = (D
3
L − 5D
4
Lδ) (19)
. = . (20)
. = . (21)
D´n−1L = (D
n−1
L − (n+ 1)D
n+1
L δ) (22)
D´nL = D
n
L (23)
For example, for series expansion of dL(z˜) to the 5th order in redshift z˜, we have
dL(z˜) =
cz
H0
{
D´0L + D´
1
L z + D´
2
L z
2 + D´3L z
3 + D´4L z
4 +O(z5)
}
(24)
where
D´0L = (D
0
L − 2D
1
Lδ + 3D
2
Lδ
2 − 4D3Lδ
3 + 5D4Lδ
4) (25)
D´1L = (D
1
L − 3D
2
Lδ + 6D
3
Lδ
2 − 10D4Lδ
3) (26)
D´2L = (D
2
L − 4D
3
Lδ + 10D
4
Lδ
2) (27)
D´3L = (D
3
L − 5D
4
Lδ) (28)
D´4L = D
4
L (29)
Accordingly, the theoretical distance modulus µth(z˜) can be defined as follows,
µth(z˜) = 5 log10 dL(z˜) + 42.384− 5 log10 h0 (30)
4. NUMERICAL CONSTRAINTS FROM UNION2 DATA
The Union2 SnIa dataset [5] is a compilation consisting of 557 SNe Ia with the redshift
range of z = [0:015; 1:4]. The angular distribution of the Union 2 dataset in galactic
coordinates, has been shown in Fig. 2. The Union2 data along with directions as presented
in Ref. [31] include the SnIa name, the redshift in the CMB rest frame, the distance modulus
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and its uncertainties (that involves both of the observational and the intrinsic magnitude
scatter). They also include the equatorial coordinates (right ascension and declination) of
each SnIa. It is straightforward to convert these coordinates to galactic coordinates or to
usual spherical coordinates (θ, φ) in the equatorial or galactic systems[32]. Here, we have
converted the equatorial coordinates of each supernova to the galactic coordinates. The
Cartesian coordinates of the unit vectors pi can also be found corresponding to each quasar
with galactic coordinates (l, b). Since,
pˆi = cos(li) sin(bi)ˆi+ sin(li) sin(bi)jˆ + cos(bi)kˆ (31)
The direction of the privileged axis can also be written as,
nˆ = cos(l) sin(b)ˆi+ sin(l) sin(b)jˆ + cos(b)kˆ (32)
In this right, one can use the Union2 compilation to constrain the parameters of model
and determine the direction of preferred axis of universe, in the framework of following
steps:
• Find the best value for the cosmographic parameters {q0, j0, s0, l0, ..} in isotropic back-
ground to find the best value for expansion’s coefficients of isotropic luminosity distance
{D0L,D
1
L,D
2
L....D
n
L}.
• Find the coefficients of anisotropic luminosity distance {D´0L, D´
1
L, D´
2
L....D´
n
L} using the trans-
formation matrix M .
• Find the anisotropic parameters (l, b, A) and δ by doing the least χ2 fit to the Union2 data
for equation (30).
In order to find the best value for the isotropic and anisotropic parameters of the model
using SnIa data and examine the sensitivity of the model with order of luminosity distance
expansion, we perform the χ2 method for the first, second ,third and fourth order of the
expansion.Thus we get the M1, M2, M3 and M4 as follows;
M1 : dL(z˜) =
cz
H0
{
D´0L + D´
1
L z
}
(33)
M2 : dL(z˜) =
cz
H0
{
D´0L + D´
1
L z + D´
2
L z
2
}
(34)
M3 : dL(z˜) =
cz
H0
{
D´0L + D´
1
L z + D´
2
L z
2 + D´3L z
3
}
(35)
M4 : dL(z˜) =
cz
H0
{
D´0L + D´
1
L z + D´
2
L z
2 + D´3L z
3 + D´4L z
4
}
(36)
(37)
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Using the maximum likelihood method (i.e. minimizing),
χ2(h0, q0, j0, ...) =
557∑
i=1
[µobs(zi)− µ
th(zi|h0, q0, j0, ...]
2
σ2(zi)
. (38)
we can obtain the best value for cosmographic parameters in isotropic background.Table
(II) shows these values for in isotropic background in 1 − σ confidence level for M1 to M4
cases.Also the corresponding likelihood distribution and confidence level for these parameters
have been shown in Figs (1) to (6).
It is interesting to note that, there is a considerable difference between the best value of
cosmographic parameters {q0, h0} in theM1 case with higher orders {M2,M3,M4..},however
the model is not very sensitive to order of luminosity distance expansion for higher orders
(see figs (1) to (6) and table II).
Using the best value of cosmographic in isotropic background and the maximum likelihood
method (i.e. minimizing),
χ2(A, l, b) =
557∑
i=1
[µobs(zi)− µ
th(z˜i|A, l, b)]
2
σ2(zi)
. (39)
Fig. 1: The 1-dim likelihood for parameters q0 and h0 in M1,M2,M3 and M4 cases.
The black,green,red and blue colors represent the M1,M2,M3
and M4 cases respectively
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Fig. 2: The 2-dim likelihood and confidence level for parameters q0 and h0
in M1,M2,M3 and M4 cases.
Fig. 3: The 1-dim likelihood for parameters q0 and j0 in M2,M3 and M4 cases.
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Fig. 4: The 2-dim likelihood and confidence level for parameters q0 and j0 in M2,M3 and M4.
Fig. 5: The 2-dim likelihood and confidence level for parameters s0 and j0 in M2,M3 and M4.
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Fig. 6: The 1-dim likelihood for parameter s0 and l0 in M3 and M4 cases.
we can find the magnitude of dipole A and direction of preferred axis in galactic coordi-
nates (l, b).
TABLE II: Best-fitted cosmographic parameters in isotropic background
model h0 q0 j0 s0 l0 χ
2
min
M1 0.687+0.0048−0.0048 −0.204
+0.10
−0.12 − − − 559.3851412
M2 0.699+0.0045−0.0045 −0.582
+0.06
−0.044 −2.05
+0.12
−0.11 − − 542.2149085
M3 0.6993+0.0046−0.0046 −0.594
+0.08
−0.8 −2.03
+0.53
−0.82 −3
+5.2
−5 − 542.2794916
M4 0.6994+0.0017−0.0046 −.6
+0.08
−0.09 −2
+0.1
−0.09 −2.9
+2.9
−3.1 41.2
+7.8
−8.2 542.2881784
We construct 2.5×104 such Monte Carlo datasets and obtain the probability distribution
of the dipole magnitude, as well as the corresponding dipole directions.The distribution
of the Union2 SnIa datapoints in galactic coordinates along with the Dark Energy dipole
direction (l, b) in 1− σ confidence region for different cases M2 to M4 are shown in Figs.(7)
to (9). Interestingly these directions are very close to each other and point towards
(l ≃ 297◦, b = 3◦), also the magnitude of the dipole are found to be |A| ≃ 10−3. The
likelihood distribution of dipole magnitude has been shown in Fig.(10). The results of this
work are compared by other studies and is approximately consistent with the results of
[47]-[50] and the results of [47]-[50], which have been shown in Fig.( 11).
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Fig.7: 1− σ confidence level for parameters (l, b).
SNe Ia samples and the dipolar expansion direction in the galactic coordinates
(used Monte Carlo simulation with 2.5× 104datasets)
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Fig.8: 1− σ confidence level for parameters (l, b).
SNe Ia samples and the dipolar expansion direction in the galactic coordinates
(used Monte Carlo simulation with 2.5× 104datasets)
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Fig.9: 1− σ confidence level for parameters (l, b).
SNe Ia samples and the dipolar expansion direction in the galactic coordinates
(used Monte Carlo simulation with 2.5× 104datasets)
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Fig.10:The Anisotropic Magnitude A In The 600 Simulations Follow
The Gauss Distribution
16
Fig.11: the 1-σand 2-σ regions on the Dark Energy dipole direction, which include
the results for preferred direction in other models.
direction of preferred axis in galactic coordinate. The point
• denotes our result, namely,(l, b) = (298.7−32+32, 3
−28
+28). The results for
preferred direction in other models are presented for contrast. Point N denotes
the result of [33], point  denotes the result of [38] and [28] ,point H denotes the result
of [50], point  denotes the result of [37],
point × denotes the result of [47], point ◦ denotes the result of [47],
.
5. CONCLUSIONS AND DISCUSSIONS
From some astronomical observations and some the oretical models of the universe, there
seemingly exists some evidence for a cosmological preferred axis. In this paper, we study the
anisotropic expansion of the universe using type Ia supernovae Union2 sample.The luminos-
ity distance is expanded with model-independent cosmographic parameters as a function of
17
redshift z directly.The advantage of this method is that it does not rely on the particular
cosmological model.By defining modified redshiftz˜ the anisotropic luminosity distance and
consequently the transformation matrix M have been obtained. We performed statistical
analysis for theM1,M2,M3 andM4 cases of MatrixM ,corresponding to the first,second,third
and fourth order of Luminosity distance expansion .We found that for n > 2, the Model(Mn)
is not very sensitive to order of expansion.Thus we cut our analysis for n > 4. We found the
direction of preferred axis for M2 as (l, b) ≃ (297
−34
+34, 3.6
−28
+28) ,M3 as (l, b) ≃ (297
−33
+34, 3.2
−27
+28)
and M4 as (l, b) ≃ (297
−35
+34, 2.9
−28
+29) which are very close to each other. Also these results are
compatible with other studies in (1 − σ) error region[35]-[50].Also the magnitude of dipole
in these cases are very close to each other( A ≃ 10−3 ) and other pervious studies.
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